Violations of Bell inequalities are better preserved by turbulent atmospheric channels than by comparable optical fibers in the scenario of copropagating entangled photons [A. A. Semenov and W. Vogel, Phys. Rev. A 81, 023835 (2010); arXiv:0909.2492]. Here we reexamine this result for the case of counterpropagation also considering the fact that each receiver registers so-called doubleclick events, which are caused by dark counts, stray light, and multi-photon entangled pairs. We show that advantages of the atmospheric links are feasible only for the copropagation scenario in the case of strong fluctuations of losses. For counterpropagation, the violations of Bell inequalities can be improved with an additional postselection procedure testing the channel transmittance.
I. INTRODUCTION
The interest in quantum key distribution (QKD) schemes [1] through free-space channels is due to the intriguing practical perspectives of information security in the scenarios of communication between mobile participants, links through hardly accessible regions, global quantum communications via satellites [2] [3] [4] [5] [6] [7] , etc. QKD protocols using Bell inequalities (for a review see Ref. [8] ) assume sharing of radiation-field modes between remote participants. Nonclassical fields may violate the Bell inequalities. This corresponds to the absence of locality and/or realism (local realism) in quantum physics. We refer to this phenomenon, in accordance with [8] , as Bell nonlocality. In this context, the original Ekert protocol (E91) [9] utilizes the Bell inequalities to test for eavesdropping. Moreover, the relevance of Bell inequalities has been recognized in the context of device-independent QKD (cf. Refs. [10, 11] ). The corresponding protocols do not depend on detailed characterizations of measurement devices, and eavesdroppers may even have some control of them.
Experimental violations of Bell inequalities for light passing through the atmosphere have been demonstrated for a 144 km channel on the Canary Islands [12, 13] . A consistent theoretical analysis of such types of experiments requires a deep understanding of destructive phenomena. This includes generation, transmission, and detection of nonclassical light. Fading effects, i.e., fluctuating losses (cf. Refs [14, 15] ), absorption, and noise events originating from dark counts or stray light are serious obstacles for proper tests of the Bell inequalities.
In a Bell-like experiment implemented in a 144 km atmospheric channel [13] , the scenario of copropagation has been studied. In that case two photons, which were prepared at the parametric down-conversion (PDC) source in a polarization-entangled state, were sent in the same direction from the transmitter to the receiver with a temporal separation much smaller than the characteristic time scales of atmospheric variations (see Refs. [16, 17] for other types of entangled states prepared by the PDC source, which are useful for atmospheric communications). Such fading channels can be considered to have correlated transmittances. For this scenario the turbulence may even improve measured values of the Bell parameter [18] . This effect can be easily explained by the fact that correlated counts from the source are more likely to be detected when the channel is randomly transparent. On the other hand, for events with low transmittances the detection of simultaneous noise clicks occurs with lower probabilities.
Multi-photon pairs from PDC sources [19, 20] and noise counts also lead to the appearance of so-called double-click events, which make it impossible to ascribe a definite value of the qubit for the corresponding measurements [21] . The exclusion of such events from consideration may lead to a lower security of QKD protocols. Instead, one assigns a random value to the corresponding qubit. This technique, usually referred to as the squash model [22] [23] [24] , enables one to perform a consistent mapping of continuous-variable PDC states onto discrete-variable qubit states.
In the present paper we consider violations of Bell inequalities caused by light being in a polarizationentangled state, which is transmitted through the atmosphere, and address two main issues. First, we study how the incorporation of double-click events in the framework of the corresponding squash models influences the feasibility of checking the Bell-inequality violation in turbulent-atmosphere channels. Second, we demonstrate that for the counterpropagation scenario the advantages of atmospheric channels are not directly feasible. However, the advantages can still be utilized by applying a postselection procedure testing the channel transmittance.
The paper is organized as follows. In Sec. II we derive arXiv:1608.08243v2 [quant-ph] 2 Nov 2016
relations for the correlation coefficients and Bell parameters in the presence of double-click events and for scenarios of copropagating and counterpropagating fields.
In Sec. III we analyze the effect of double-click events on the Bell-inequality violation in the case of copropagation. The case of counterpropagation is considered in Sec. IV. In Sec. V we consider a postselection procedure, which enables us to improve the violations of Bell inequalities. In Sec. VI we summarize our results and give some conclusions.
II. BELL INEQUALITIES FOR ATMOSPHERIC CHANNELS
A. Design of the experiment Let us recall the physical background of Bell-inequality tests in atmospheric channels [12, 13, 18] . We distinguish between two scenarios: the first one with different modes of the entangled light copropagating in the same direction and the second one with the modes being counterpropagating (cf. Fig. 1 ). The PDC source generates entangled photons, which are sent through the turbulent atmosphere to receivers A and B. In the copropagation scenario one photon is sent directly and the other one through a delay line to the corresponding receiver. There the photons are analyzed with polarization analyzers. Each of them consists of a half-wave plate (HWP), rotating the polarization by the angles θ A and θ B , polarizing beam splitters (PBS), and click detectors for the transmission and reflection channels, D T A(B) and D R A(B) , respectively. The scheme of copropagation additionally includes a 50:50 beam splitter (BS), which randomly selects photons propagating to receivers A and B with the unavoidable introduction of 3-dB deterministic losses (cf. Ref. [13] ). In the scenario of counterpropagation, the entangled photons are sent in different directions through different atmospheric channels. The photons reach the receivers A and B, where they are analyzed with the corresponding polarization analyzers.
If the detector D T A(B) in the corresponding transmission channel clicks, this means that the incoming photon is linearly polarized with the angle θ A(B) . If the detector D R A(B) in the corresponding reflection channel clicks, the incoming photon is assumed to be polarized in the orthogonal direction. For our purposes it is important to count the simultaneous clicks on the sites A and B in order to reconstruct the frequencies P iA,iB (θ A , θ B ), where
of simultaneous clicks of the pair of detectors D TA and D TB or the pair D RA and D RB , and the frequency, correlation coefficients
The Bell theorem in the Clauser-Horne-Shimony-Holt (CHSH) form [8, 25] states that for two sets of polarization angles the Bell parameter
for local realistic theories. For nonclassical light fields the Bell inequality can be violated. For such nonclassical fields the correlation properties are incompatible with those of any local model. Violation of inequality (5) certifies the presence of nonlocal quantum correlations of light.
B. Theoretical analysis
An analysis of the Bell-inequality test requires derivation of the joint probabilities, P iA,iB (θ A , θ B ), for detection of photons at receiver sites A and B. The derivation of these quantities can be performed on a similar footing as done in Ref. [18] . However, here we should not omit double clicks, i.e., events where detectors in transmission and reflection channels click simultaneously at at least one site, A or B. This may happen due to the stray light, dark counts and multi-photon pairs. According to the photodetection theory [26, 27] we can write the joint probabilities of photon detection as
whereρ is the density operator and
are the positive operator-valued measures for the on/off detectors i A(B) , related to the absence and presence of detection events, respectively.
are photonic annihilation and creation operators, respectively, for the field modes at the
, η c is the detection efficiency, ν is the mean number of stray-light and dark counts [28] , and : ... : denotes the normal ordering.
The last three terms in Eq. (6) describe the contributions from double-click events, when both detectors on at least one side click. For such events we assign random values of the corresponding qubits. In practice this means that if both detectors, D T A(B) and D R A(B) , at site A(B) click simultaneously, we randomly ascribe to such a realization the event related to the click on detector D T A(B) or D R A(B) with probability 1/2. In the case where all four detectors click simultaneously we randomly ascribe to this realization any of four possible pair events with probability 1/4. The three terms associated with double-click events have not been considered in Ref. [18] .
In the present article we analyze the Bell inequality taking these contributions into account.
We now specify the quantum state,ρ= |PDC PDC|, generated by the PDC source (cf. Refs. [19, 20] ):
Herein ξ is the squeezing parameter,
and |n H A(B) and |n V A(B) are the photon-number states of the horizontal and vertical polarization modes, respectively, sent to the receiver A(B). For small values of ξ the first two terms in Eq. (9) are the most relevant, such that |Φ 0 is the vacuum state and
is the Bell state,
which maximally violates inequality (5). Here the state
corresponds to the photon in the horizontal mode at site A(B), whereas the state
corresponds to the photon in the vertical mode at site A(B).
Further analysis is performed similarly to that in Ref. [18] ; for details of calculations see also Appendixes C and D. First, we should modify the initial quantum state [cf. Eqs. (9) or (11)] according to the quantum-state input-output relation for fading channels (cf. Ref. [14, 15] ) with fluctuating transmission efficiencies (transmittances) η A for modes H A V A and η B for modes H B V B . This relation has a simple form in the Glauber-Sudarshan P representation,
where P in and P out are the Glauber-Sudarshan P functions (cf. Ref. [29] [30] [31] ) of light at the source [corresponding to the state (9) or (11)] and at the receivers, respectively,
In this equation the probability distribution of the transmittance (PDT), P (η A , η B ), is the main characteristics of the atmospheric channels.
The explicit form of the PDT depends on the characteristics of the irradiated light beam, radius of the receiver aperture, and characteristics of the atmospheric channel, i.e., its length and turbulence conditions. For characterization of channels with homogeneous and isotropic turbulence we use the Rytov parameter (cf. Refs. [32] [33] [34] [35] ),
which quantifies the integral effect of optical turbulence on the whole channel. Here C 2 n is the index-of-refraction structure constant, characterizing the local strength of turbulence, k is the wave number of optical radiation, and L is the channel length. Throughout this article, we consider weak-to moderate-turbulence channels (σ 2 R ≈1...10) and strong-turbulence (σ 2 R 1) channels. These notions characterize the integral effects of the turbulence on the quantum light over the whole propagation paths under study.
Derivation of the PDT applies the knowledge of classical atmospheric optics (see e.g. [32] [33] [34] [35] [36] [37] [38] [39] ). For weakturbulence channels, σ R <1, when the leading disturbance is beam wandering, the PDT takes the form of the lognegative Weibull distribution (see Ref. [15] for its derivation). For weak-to moderate-and strong-turbulence channels, deformations of the beam play an important role. The corresponding PDT in the elliptic-beam approximation has been derived in Ref. [40] . It is important to note that under strong-turbulence conditions the elliptic-beam model is in reasonable agreement with the log-normal distribution [41] [42] [43] [44] , provided that the latter is restricted to the physical domain, η A(B) ≤1. Such behavior has been experimentally verified in Ref. [45] . In the present paper we apply two scenarios with the corresponding PDTs. First, we consider a 1.6 km channel in the city of Erlangen (cf. Ref. [46] ) as a typical example of weak-to moderate-turbulence channels. The corresponding experimental results are in good agreement with the recently proposed elliptic-beam model for the PDT (see Ref. [40] and Appendix A for more details). Second, we consider a 144-km channel on the Canary Islands (cf. [45] ) as a typical strong-turbulence channel. For simplicity, the corresponding PDT is approximated in the following by the truncated log-normal distribution (for more details see Appendix B).
For the purposes of this paper it is important to note that within the given apertures the weak-to moderateturbulence channel is characterized by a small value of the fluctuation of losses, ∆η 2 / η 2 . The strongturbulence channel has a large value of this parameter. It is noteworthy that higher moments of the transmittance may also play a crucial role for characterization of the considered channels.
As the next step, we rewrite the state in terms of transmitted, T A(B) , and reflected, R A(B) , modes in the inputs of polarization-analyzer detectors. The corresponding input-output relations for the field operators read aŝ
whereâ H A(B) andâ V A(B) are field annihilation operators for the site A(B) horizontal and vertical modes, respectively. Technical details of applications of these relations can be found in Ref. [18] as well as in Appendixes C, and D. The obtained density operator is substituted in Eq. (6) and then in Eqs. (1) and (2), which leads to explicit forms of P same (θ A , θ B ) and P different (θ A , θ B ). Finally, we use these probabilities for calculations of the correlation coefficients, (3), and maximization of the Bell parameter, (4), with respect to the angles θ A and θ B .
C. Parametric down-conversion source
In the case of the PDC source the initial state is given by the density operatorρ = |PDC PDC| [cf. Eq. (9)]. Applying the above discussed analysis (cf. also Appendix C), one gets for the probabilities P same (θ A , θ B ) and P different (θ A , θ B )
Here i, j={same, different}, i =j,
and
means averaging by the channel transmittances. 
.
is the probability that at the output one gets the Bell state,
is the probability that both photons do not reach the receiver, and finally
is the probability that only one photon will reach the receiver. Details of calculations can be found in Appendix D.
III. COPROPAGATION
The scenario of copropagation, which is represented in Fig. 1(a) and was experimentally studied in [13] , is characterized by a very short time interval between two entangled pulses. This interval is much less than the time, for which the atmosphere is changed. As a result, the two transmittances η A and η B can be considered to be completely correlated. The PDT in this case is given by
where P (η A ) is the single-mode PDT. This implies that Eq. (22) can be rewritten as
where we explicitly take that η A =η=η B .
As mentioned in Sec. I, such fading channels demonstrate higher values of the Bell parameter compared with deterministic attenuation channels characterized by the transmittance η 0 = η (cf. Ref. [18] ). Indeed, from the Cauchy-Schwarz inequality it follows that η 2 ≥ η 2 . This yields that the probability of preserving Bell states by the channel [cf. Eq. (24)] is higher for the correlated fading channel compared with the deterministicloss channel, i.e.,
As a result, the violation of the Bell inequalities is more significant in the case of correlated atmospheric channels.
FIG. 2. (Color online)
The Bell parameter, B, vs the squeezing parameter, ξ, for the scenario of copropagation. The PDT is taken (a) for the strong-turbulence channel (cf. Appendix B), where the mean number of stray-light and dark counts is ν=1.7×10 −5 , and (b) for the weak-to moderateturbulence channel (cf. Appendix A), with ν=3×10 −3 . For both cases, lines 1 and 2 correspond to fading channels without and with the incorporation of double-clicks events, respectively. Lines 3 and 4 correspond to the deterministic-loss channels with η0 = η , without and with the incorporation of double-clicks events, respectively. The detection efficiency is ηc = 0.3, which includes 3-dB losses at the beam splitter of the receiver. Here and in the following figures, the horizontal line B = 2 shows the local-realism bound.
In Ref. [18] this property has been theoretically considered by neglecting the double-click events, i.e., Eq. (6) has been taken without the last three terms (see also Appendix E). However, the incorporation of double-click events may diminish the measured value of the Bell parameter. In the following we consider these effects.
In Fig. 2 we demonstrate the dependence of the Bell parameter, B, on the squeezing parameter, ξ, of the PDC state [cf. Eq. (9)] for the case of incorporation of doubleclick events and for discarding it (see Ref. [18] and Appendix E for the latter). An interesting result is that in the case of large atmospheric losses, such as occur in the considered strong-turbulence channel (cf. Appendix B), the effect of double-click events is negligible. This can be explained by the relatively low probability of multiphoton pairs' passing through the high-loss channel even for a bright source (large squeezing parameter, ξ). A similar behavior is observed for a weak-intensity source (small squeezing parameter, ξ) in the case of weak-to moderate-turbulence channel (cf. Appendix A). In the latter case the overall losses are relatively small. As a result, multiphoton pairs are passed through the channel with a higher probability. For this scenario, they significantly contribute to the double-click events. We ascribe to each such event a random value of the corresponding qubit. This protocol is characterized by classical probabilities and it certainly diminishes the nonclassical correlations between site A and site B. Consequently, the value of the Bell parameter decreases more rapidly with increasing squeezing parameter ξ compared to the case of discarding the double-click events.
Another important issue that appears in the scenario of copropagation, is the fact that for weak-to-moderate turbulence channels the advantages of the atmospheric links are negligible. For weak-intensity sources, when the state is approximately equal to the Bell state (12) , this fact can be easily explained by the low ratio ∆η 2 / η 2 . Indeed, in this case the equality in Eq. (29) is satisfied almost exactly. However, as we can see in Fig. 2(b) , even the presence of multiphoton pairs does not improve the value of the Bell parameter.
IV. COUNTERPROPAGATION
The scenario of counterpropagation, which is represented in Fig. 1(b) , corresponds to channels with completely uncorrelated transmittances, η A and η B . The PDT in this case reads as
where P A (η A ) and P B (η B ) are the single-mode PDT for the corresponding channels. As a particular case, this scenario describes the situation when only one mode is sent through a turbulent atmosphere while another one is operated near the source, such as experimentally studied in Ref. [12] . In this case
where η b is the deterministic transmission coefficient of channel B.
In the case of a weak-intensity source, which is effectively described by the Bell state (11), Eqs. (25), (26), and (24) yield
This means that the corresponding fading channel is completely equivalent to the deterministic-loss channel with transmittances η a(b) = η A(B) . Hence, in this case fading does not result in any advantages. Our study has shown that the atmospheric links for the considered channels give the same result as the related deterministic-loss channels even for strong-intensity sources, when contributions from multiphoton pairs are essential. Results of the corresponding calculations are presented in Fig. 3 . It is also important to note that the effect of double-click events is visible only for strongintensity sources (for large values of the squeezing parameter ξ) with weak-to moderate-turbulence channels [cf . Fig 3(b) ]. In all other cases the amount of contributions of multi-photon pairs, stray light, and dark counts at the receiver is not enough to diminish the value of the Bell parameter essentially.
V. POSTSELECTION PROCEDURE
In cases where verifications of Bell-inequality violations are impossible, one can try to improve the situation with a certain postselection procedure, using the technique proposed in Ref. [45] . For this purpose one sends intense light pulses in each channel, before the series of nonclassical-light pulses. With these pulses one can test the channel and then postselect the events with transmittances, η A(B) ≥ η ps , exceeding a certain postselection threshold, η ps (see Fig. 4 ). In this case, the time τ between the test and the nonclassical pulses should be smaller then the timescale of atmospheric variations.
The theoretical analysis of this scheme is based on the corresponding reformulation of the PDT. The singlemode PDT after postselection, P A(B) η A(B) , is given by
for η A(B) ∈ [η ps , 1] and 0 elsewhere. Here
is the exceedance (complementary cumulative probability distribution) of the PDT, which is the probability that the transmittance will exceed the value of η ps . The calculations for the postselection procedure are performed with the PDT given in Eq. (35) . It follows that , where the mean number of stray-light and dark counts is ν=1.7×10 −5 , and (b) for the weak-to moderateturbulence channel (cf. Appendix A), with ν=3×10 −3 . For both cases, lines 1 and 2 correspond to fading channels without and with the incorporation of double-clicks events, respectively. Lines 3 and 4 correspond to the deterministic-loss channels with ηa = η b = ηA = ηB , without and with the incorporation of double-clicks events, respectively. The detection efficiency is ηc=0. 6. is the probability that the transmittances exceed the value of η ps in both channels. This quantity characterizes the feasibility of the postselection procedure.
In Fig. 5 we represent the dependence of the Bell parameter on the postselection efficiency η ps . Under the considered conditions verification of the Bell-inequality violations is impossible without the postselection procedure due to the large dark-count and stray-light noise, characterized by the value of ν. The postselection procedure certainly improves the situation.
VI. SUMMARY AND CONCLUSIONS
To conclude, we note that the incorporation of doubleclick events and the absence of correlations in the trans- mittances are certainly destructive factors for verifications of Bell-inequality violations in a turbulent atmosphere. In this paper we have theoretically studied the corresponding experiment with two types of channels: a 1.6-km channel with weak-to moderate-turbulent condi-tions and a 144-km channel with strong turbulence. We have found that the incorporation of double-click events does not destroy the advantages of fading channels in the scenario of copropagation. However, in the case of counterpropagation, with uncorrelated channels, the advantages cannot be utilized without additional procedures.
Resources of atmospheric turbulence in the counterpropagation scenario can be used with an additional postselection procedure studied above. This procedure appears to be feasible for both types of considered channels, i.e., for weak-to moderate and strong turbulence. We believe that our results will be useful for study of quantum communication through atmospheric channels. In this Appendix we remind the reader of the main result in Ref. [40] for the PDT in the elliptic-beam approximation with parameters appropriate for the weakto moderate-turbulence channel. In this case, the PDT is given by
Here v = x 0 y 0 Θ 1 Θ 2 T is a random vector, where x 0 , y 0 are the beam-centroid coordinates, Θ 1 , Θ 2 are parameters characterizing the elliptic deformations of the beam, ρ G (v; µ, Σ) is the Gaussian probability density of vector v with mean µ and covariance matrix Σ, χ is a uniformly distributed angle characterizing the direction of the beam-spot ellipse, and η m is the efficiency related to the deterministic losses that occur in the channel. The transmittance η (v, χ) as a function of these parameters reads as
In this equation r 0 = x 2 0 + y 2 0 is the distance between the beam and the aperture centers, a is the radius of the receiver aperture,
R(ξ) and λ(ξ) are scale and shape functions, respectively,
W 0 is the beam-spot radius at the source, I i (ξ) is the modified Bessel function of the i-th order, and W(ξ) is the Lambert W function [47] . The elements of the covariance matrix Σ and the vector of mean values µ can be written in terms of the field correlation functions of the second and fourth orders. For conditions of weak to moderate turbulence when the Kolmogorov turbulence spectrum is applicable, the corresponding non-zero elements are given by
where the Rytov parameter σ 2 R is defined in Eq. (14) , Ω=
2L is the Fresnel parameter, k is the wave number, and L is the propagation distance. For the considered 1.6-km channel (cf. Ref. [46] ), the corresponding parameters are σ 
which makes it possible to perform the integration in Eq. (A1) numerically. The numerical integration can be performed within the Monte Carlo method. In this paper we have to calculate the means of a certain function of transmittance, f (η) . For this purpose we should simulate the N values of the vector v and the angle χ. The needed quantity is then estimated as
where η (v i , χ i ) is obtained from Eq. (A2). The deterministic losses associated with absorption and scattering by the atmosphere and optical elements correspond to the efficiency η m = 0.75.
Appendix B: Strong-turbulence channel
In this Appendix we consider how to estimate the PDT from the experimental data in [45] for the 144 km channel on the Canary Islands. The Rytov parameter for this channel satisfies the condition σ 2 R 1, and therefore the optical turbulence in the channel is strong. As shown in [40] , for strong-turbulence conditions one can also use the elliptic-beam approximation considered in Appendix A. However, in this case Eqs. (A8), (A9), (A10), and (A11) are not valid.
It has been demonstrated both theoretically (cf. Ref. [40] ) and experimentally (cf. Ref. [45] ) that for such conditions the PDT can be approximated by the truncated log-normal distribution,
for η ∈ [0, η m ] and 0 elsewhere, where σ and µ are parameters of this distribution, and F (η m ) is the cumulative probability distribution of the (nontruncated) log-normal distribution at point η = η m , which corresponds to deterministic losses in the channel. From Ref. [45] we already know important parameters: the mean radiation energy (in ω units), q =234, in the counting time interval, its standard deviation ∆q 2 =349 2 , and the mean losses η = 10 −3 . By using the relation
one gets ∆η 2 =2.2×10 −6 . The parameters σ and µ can now be approximately evaluated as
For the considered channel these parameters are σ=1.08, µ = 7.49. The deterministic losses, 0.1 dB/km (cf. Ref. [48] ) as well as the losses related to the optical elements correspond to the efficiency η m =0.04. In this Appendix we discuss the probabilities P same (θ A , θ B ) and P different (θ A , θ B ) for the case of a PDC source, cf. Eq. (17) . For convenience we use the GaluberSudarshan P -representation [29] [30] [31] . The P function of the PDC state, (9) , cannot be represented in terms of regular functions. For this reason we use the corresponding characteristic function, Φ (β) = Tr exp βâ † exp − β * â ρ ,
whereâ is the vector consisting of field-mode annihilation operators, β is the corresponding complex-number vector of the characteristic-function arguments, andρ is the density operator. In this representation Eq. (6) reads as
Here Φ out (β) is the characteristic function of the state after passing the atmosphere,
For more details on the notations, see the explanations following Eq. (8) .
The output modes of the polarization analyzers, β={β TA , β RA , β TB , β RB }, are related to the corresponding input modes, β={β HA , β VA , β HB , β VB }, via the inputoutput relations, 
[cf. also the corresponding operator form given by Eqs. (15) and (16) 
